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The Tietze Extension Theorem.
Let X be a normal space. If A is a closed subset of X and f €C(A, [4, b]),
there exists FeC(X, [a, b]) such that F|A = f.

See [Folland,p122].

Proof. Since f is continuous on a closed interval [4,b] we can without loss
of generality replace [a,b] by [0, 1] (replace f by (f —a)/(b—a), f =0 & f =a,
f=1e f=0).

We will show that we can find F by using a sequence of continuous functions.
By Urysohn’s lemma there exists continuous functions

gn € C(X, [0, %]) where g,(B.) = 0, g4(Cy) = %+, B, N C, = 0 and B,,, C, are

closed subsets of A.
Choose By, ..., By, C1, ..., C, in the following way B, = {xeAlf }

Ci={xeAlf >3} B, ={xeA|f- T/ g < &) Cu={xeAlf - T g > (3))
The sets are closed subsets of A. Since A itself is closed the sets are closed in
X. We also have B, N Cn = (Z) Let F = Y.;2, g»- We have uniform convergence
since per definition g, < 3,1 . By proposition 4.13, see [Folland,p121], F is
continuous.

Since 0 < f —F < (3)" for all n, it follows that F = f on A. m
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